A systematic study of different XFEM-formulations with respect to higher-order accuracy for arbitrarily curved discontinuities by Cheng, Kwok Wah & Fries, Thomas-Peter
International Conference on Extended Finite Element Methods – Recent Developments and Applications
XFEM 2009
T.P. Fries and A. Zilian (Eds)
c©RWTH Aachen, Germany, 2009
A SYSTEMATIC STUDY OF DIFFERENT XFEM-FORMULATIONS
WITH RESPECT TO HIGHER-ORDER ACCURACY FOR
ARBITRARILY CURVED WEAK DISCONTINUITIES
KWOK WAH CHENG∗ AND THOMAS-PETER FRIES†
∗Aachen Institute for Advanced Study in Computational Engineering Science (AICES)
at RWTH Aachen University, Schinkelstr. 2, 52062 Aachen, Germany.
e-mail: kwok@aices.rwth-aachen.de, web page: http://www.aices.rwth-aachen.de
†Institute for Computational Analysis of Technical Systems
at RWTH Aachen University, Schinkelstr. 2, 52062 Aachen, Germany.
e-mail: fries@cats.rwth-aachen.de, web page: http://www.xfem.rwth-aachen.de
Key words: Extended Finite Element Method (XFEM), higher-order accuracy, weak discontinuities.
Summary. The XFEM is extended to higher-order accuracy for arbitrarily curved weak discontinuities
in this study. An efficient subcell quadrature which takes into account the curved interface is proposed.
Different existing strategies to correct for problems in the blending elements are tested. Convergence
studies are carried out for both quadratic and cubic approximations.
1 INTRODUCTION
Solutions with jumps or kinks within elements are known to be accurately approximated by the Ex-
tended Finite Element Method (XFEM). Optimal convergence rates have frequently been achieved for
linear elements and piecewise planar interfaces. However, extension to higher-order convergence for ar-
bitrarily curved weak discontinuities confronts us with two major challenges: (i) an accurate quadrature
of the Galerkin weak form for the elements crossed by the curved interface, and (ii) a careful formulation
of the enrichment which should preclude any problems in the blending elements. For (i), a higher-order
description of the interface using the level-set method can be realized straightforwardly by employing
a higher-order FE interpolation of the interface. For the quadrature, we propose an efficient strategy
of subdividing the cut elements into subcells with only one curved side. Reference elements which are
higher-order on only one side are then used to map the integration points to the real element. For (ii), sev-
eral existing strategies are compared. These include the Corrected XFEM1, the modified abs-enrichment2
and the standard XFEM using lower-order partition-of-unities3 . It is shown that among these strategies,
the Corrected XFEM yields the best convergence results which are close to optimal for the test case of
a bi-material with a circular inclusion. Both quadratic and cubic approximations are considered in this
work.
2 INTERFACE DESCRIPTION AND QUADRATURE
To locate the position of the interface, the zero-isocontour of the level-set function φ(x) needs to be
interpolated from its known discrete values at the nodal points, φi = φ(xi). In this study, a standard FE
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interpolation is used,
φh (x) =
∑
i∈I
NFEMi (x)φi, (1)
with standard FE shape functions NFEMi . I is the set of all nodes in the domain. We adopt an iso-
parametric formulation where the order of NFEMi is equal to the order of Ni in the standard FE part of
the XFEM approximation (2).
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Figure 1: (a) and (b) show subcell division for integration. (c) and (d) show standard reference elements used to
project integration points to the real domain.
We propose an efficient procedure for the subcell division required for the Gaussian quadrature of
the Galerkin weak form. The cut element is first divided into two triangular subcells. Then, (assuming
that each edge of the element is cut only once) any discontinuity which crosses the element will further
subdivide the element into triangular and quadrilateral subcells with only one curved side, see Figures 1
(a) and (b). We take advantage of this fact and propose the standard reference elements as shown in
Figures 1 (c) and (d). As can be seen, we use special 5-node triangular and 6-node quadrilateral reference
elements where 4 nodes are assigned on only one side and 2 nodes on all other sides. The side with 4
nodes will be mapped to the curved side of the triangular or quadrilateral subcells in the real domain.
The same reference elements are used for both quadratic and cubic XFEM approximations. We find
that 4 nodes along the edge which is mapped onto the curved interface are sufficient to achieve good
accuracy for quadratic and cubic elements. If higher orders are desired, more nodes along this edge may
be required, and this can be considered a straightforward extension of the proposed quadrature.
3 HIGHER-ORDER XFEM APPROXIMATION
The standard XFEM approximation is given as
uh (x) =
∑
i∈I
Ni (x)ui +
∑
i∈I⋆
N⋆i (x) · ψ (x) ai, (2)
where Ni are the standard FE shape functions, N⋆i are the partition of unity (PU) functions and I⋆ is the
set of nodes of the cut elements. In this work, Ni and N⋆i are linear, quadratic or cubic shape functions
2
K.W. Cheng and T. P. Fries
of the Lagrange class. The order of Ni is not necessarily the same as the order of N⋆i . For weak
discontinuities (kinks), the abs-enrichment is often chosen and is defined as ψ (x) = |φ (x)| . However,
for this particular choice, it is well known that only suboptimal convergence rates can be achieved due to
problems in blending elements4.
In the corrected XFEM1, the approximation is
uh (x) =
∑
i∈I
Ni (x) ui +
∑
i∈J⋆
N⋆i (x) · ψ (x) · R (x) ai, (3)
where J⋆ are the nodes of the cut elements and their neighbouring (blending) elements. Furthermore, a
ramp function R (x) =
∑
i∈I⋆ N
⋆
i (x) is employed which localizes the global enrichment function.
The modified abs-enrichment2 is given as
ψ (x) =
∑
i∈I⋆
Ni (x) · |φ (xi) | −
∣∣∣
∑
i∈I⋆
Ni (x) · φ (xi)
∣∣∣, (4)
where Ni (x) are FE shape functions of the same order as Ni in (2) and NFEMi in (1). Then, the kink in
the modified abs-enrichment conforms to the interpolated interface. Both the corrected XFEM and the
modified abs-enrichment are based on the strategy of modifying the global enrichment function so that
it is immediately zero beyond the enriched domain (i.e. the domain formed by the union of all elements
with all their nodes enriched).
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Figure 2: 2-D bi-material problem: Comparison of convergence results in the L2-Norm between the standard
XFEM and the Corrected XFEM for (a) quadratic elements and (b) cubic elements.
4 NUMERICAL EXAMPLE
The test case considered is an elastostatic problem of a bi-material solid with a circular inclusion1,3 .
The problem exhibits a weak discontinuity in the displacement field along the bi-material boundary.
Inside a circular plate of radius b, whose material is defined by E1 = 10 and ν1 = 0.3, a circular
inclusion with radius a of a different material with E2 = 1 and ν2 = 0.25 is considered. The loading
of the structure results from a linear displacement of the outer boundary: ur(b, θ) = r and uθ(b, θ) = 0.
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Figure 3: 2-D bi-material problem: Comparison of convergence results in the L2-Norm between the standard
XFEM using the abs or modified abs-enrichment for (a) quadratic elements and (b) cubic elements.
For the numerical model, the domain is a square of size L × L with L = 2, the outer radius is chosen
to be b = 2 and the inner radius a = 0.4. Exact tractions are prescribed on the boundary of the square
domain. To remove rigid body modes, displacements are prescribed as u1(0,±1) and u2(±1, 0). Plane
strain conditions are assumed. Results are obtained for three different methods: the standard XFEM with
the abs-enrichment, the Corrected XFEM and the standard XFEM with the modified abs-enrichment.
The errors are measured in the L2-norm and shown in Figure 2 and Figure 3.
The use of the abs-enrichment in a standard XFEM approximation leads to a dramatic decrease of
the convergence rate for equal-order shape functions Ni and N⋆i . However, good results (albeit subop-
timal) can still be obtained for the abs-enrichment by using first order N⋆i , independent of the order of
Ni. Results for the modified abs-enrichment are suboptimal. The convergence rates for quadratic and
cubic elements are in the range of 2.5 (compared to the optimal rates of 3 and 4, respectively). Finally,
the Corrected XFEM can be straightforwardly extended to higher-order accuracy with close-to-optimal
convergence rates using equal-order shape functions Ni and N⋆i . Consequently, we recommend the
Corrected XFEM for higher-order approximation of curved weak discontinuities.
REFERENCES
[1] T.-P. Fries. A corrected XFEM approximation without problems in blending elements. Int. J. Numer.
Meth. Engng., 75, 503.–532, (2007).
[2] N. Moe¨s, M. Cloirec, P. Cartaud and J.F Remacle. A computational approach to handle complex
microstructure geometries. Comp. Methods Appl. Mech. Engrg., 192, 3163–3177, (2003).
[3] A. Legay, H.W. Wang and T. Belytschko. Strong and weak arbitrary discontinuities in spectral finite
elements. Int. J. Numer. Meth. Engng., 64, 991 – 1008, (2005).
[4] J. Chessa, H. Wang and T. Belytschko. On the construction of blending elements for local partition
of unity enriched finite elements. Int. J. Numer. Meth. Engng., 57, 1015 – 1038, (2003).
4
